	Background Information

	Course

	Geometry 

	Unit 4

	Connecting  Algebra and Geometry through Coordinates

	Lesson Title 
	 Derivation of the midpoint formula

	Essential Questions/Enduring Understandings Addressed in the Lesson

	Essential Questions
· How is visualization essential to the study of geometry?
· How does adding coordinates to a geometric figure aid in the visualization of that figure and of the relationships of its parts?

· How does geometry explain or describe the structure of our world?
· How does adding coordinates to a geometric figure more concretely tie the figure to its referent in the real world?

· How can reasoning be used to establish or refute conjectures?
· How does manipulating coordinates algebraically provide a valid form of proof?

Enduring Understandings
· Objects in space can be transformed in an infinite number of ways and those transformations can be described and analyzed mathematically.
· Objects in space can be described using coordinates.
· Once an object in space is described using coordinates, it can be analyzed by manipulating the coordinates algebraically.

· Representations of geometric ideas and relationships allow multiple approaches to geometric problems and connect geometric interpretations to other contexts.
· One approach to geometric problems involves the use of coordinates.
· Using coordinates allows for geometric ideas and relationships to be connected to other contexts.

· Judging, constructing, and communicating mathematically appropriate arguments are central to the study of mathematics.
· Proofs of geometric results can be created using coordinates that are manipulated algebraically.



	FOCUS
Standard(s)  Addressed in This Lesson
	G.GPE.6     Find the point on a directed line segment between two given points that partitions the segment in a given ratio. (major)
· Identifying triangle similarity ratios based on the directed line segment
· Deriving the midpoint formula based on two congruent triangles


	Coherence
Relevance/Connections

	How does this lesson connect to prior learning/future learning and/or other content areas?

Connections to prior learning 
This lesson will allow the student to make connections to skills learning in Chapter 2 of this course.  In Chapter 2 of Common Core Geometry, students study Similarity.  In their study of Similarity, students learned the AA Similarity Theorem and the fact that corresponding sides of similar figures are proportional. In their study of the concepts related to Similarity students made use of skills acquired in middle school. Skills such as solving proportions, the distributive property and properties of equality all come into play in this lesson.

Connections to future learning
The concepts developed in this lesson will be used to solve larger multi-step problems in higher level mathematics courses. For example, a student might need to calculate the coordinates of the midpoint of a segment in order to determine a key piece of information needed to solve a related rate problem in a Calculus class.



	Rigor

	Procedural Fluency
Conceptual Understanding
Modleing

	Student Outcomes 

	The student will:
· identify proportional pieces of a line segment using similar triangles in a coordinate plane.
· develop a proof of the midpoint formula using a coordinate plane.

	Summative Assessment
(Assessment of Learning) 

	What evidence of student learning would a student be expected to produce to demonstrate attainment of this outcome?
· Apply the midpoint formula to a given real world situation

	Prior Knowledge Needed to Support This Learning
(Vertical Alignment)
	To successfully complete the steps that lead to the derivation of the midpoint formula a student must be able to link many concepts from prior learning. This activity allows students to make use of many concepts that they have learned in the past. The following list details the prior knowledge needed for comprehension of this lesson.
· AA Similarity Theorem
· Corresponding parts of similar triangles are proportional
· Methods for solving proportions
· Properties of equality
· Distributive property
· Ability to use the structure of an expression as a guide to possible ways to rewrite the expression


	Method for determining student readiness for the lesson

	How will evidence of student prior knowledge be determined?
· Warm-up with problems to include: finding slope from a graph, given an equation, and given two points.
· Pre-assessment of similar triangle properties with a matching activity will gage student readiness for the main lesson

What will be done for students who are not ready for the lesson?
· Students who are not ready for the lesson will work on Unit 2 from Geometry about triangle similarity and congruence.


	Common Misconceptions


	· Students incorrectly identify similarity and congruent relationships between triangles
· Students struggle with slope 
· Students forget that two congruent sides of a triangle allow them to substitute the one side in for the other in an algebraic setting. This allows them to complete the final steps of the midpoint proof. Without remembering this relationship the students would be stuck and unable to complete the final steps of the proof using the substitution of one side in for the other and canceling in the denominator.






	Learning Experience

	Standards for Mathematical Practice (SMP)
	Component
	Details

	SMP #


	Warm Up/Drill

	· Warm-up with problems to include: finding slope from a graph, given an equation, and given two points.
See attached hand-out in resources section for the problems.

	SMP #





	· Motivation: Pre-assessment of similar triangle properties with a matching activity will gage student readiness for the main lesson

	Materials Needed:
· Matching worksheet of similar triangles 
Implementation
· Pass out the worksheet to each student
· Have students match each triangle to the triangle  that matches it through similarity properties
· Ask the student to label what makes each pair similar i.e. Scale factors and similarity short cuts
· Have partners check their work and help them make corrections if necessary
· Have partners volunteer to share the matching of each triangle pair and explain the similarity relationship

UDL Connections







	SMP #

	Activity 1 





	Materials Needed
· Sets of similar triangles cut from card stock
· Scissors 
· A blank coordinate grid
· Colored markers
· Straight Edge
· Document camera, overhead projector, Smart Board, or other projecting equipment.
· See diagram in “resources” for example of completed activity
Preparation
· Make one copy of the similar triangles on card stock (template attached)
· Cut the triangles out before class
Implementation 
· Invite a student to the projecting equipment to match the angles of the triangles to demonstrate that they are congruent angles.
· Ask the class what conclusions they can draw about the two triangles (they should conclude that the triangles are similar by the AA Similarity Theorem).
· Ask another student to place the triangles on the blank coordinate grid so the longest sides line up in a straight line. Then trace that line on the blank coordinate grid with a red marker.
· Ask another student to come label the endpoints of the line drawn on the blank coordinate grid “A” and “B”. Label the intersection “M”
· Ask another student to trace the two triangles with a blue or black marker. This student will label the other two vertices “F” and “G”.
· Have students identify the ratios of the corresponding sides of the similar triangles

UDL Connections


	SMP # 

	Activity 2
	
Materials Needed
· Sets of congruent  triangles cut from card stock
· Scissors 
· A blank coordinate grid
· Colored markers
· Straight Edge
· Document camera, overhead projector, Smart Board, or other projecting equipment.
· See diagram in “resources” for example of completed activity

Preparation
· Make one copy of the congruent triangles on card stock
· Cut the triangles out before class


Implementation 
· Invite a student to the projecting equipment to match the angles of the triangles to demonstrate that they are congruent angles.
· Ask the class what conclusions they can draw about the two triangles (they should conclude that the triangles are congruent by SSS postulate).
· Ask another student to place the triangles on the blank coordinate grid so the longest sides line up in a straight line. Then trace that line on the blank coordinate grid with a red marker.
· Ask another student to come label the endpoints of the line drawn on the blank coordinate grid “A” and “B”. Label the intersection “M”
· Ask another student to trace the two triangles with a blue or black marker. This student will label the other two vertices “F” and “G”. 
· Have a student label the hypotenuses “m” and “n” 
· Ask another student to come connect points A, F, and G to the x-axis with vertical lines using the straight edge provided and label the intersecting points “C,” “E” and “D” respectively.
· Identify the coordinates of points C, E and D on the x-axis as (x1, 0), (x, 0) and (x2, 0)  respectively
· Identify the coordinates of points F, G, and B as (x, y1), (x2, y), and (x2, y2) respectively.
· Ask a student to identify the coordinates of A and M in terms of x and y.
· Have the class derive the lengths of AF, MG, MF, and BG in terms of x and y
· Have students use the similar triangle ratios from activity 1 and substitute in the respective lengths in terms of x and y for AF, MG, MF, and BG and m and n for AM and MB
· Separate the extended ratio into two equations, one to solve for x and one to solve for y each equal to the ratio 
· Use cross multiplication to solve each equation separately 
· Factor out the common factor for each equation (m + n)
· Solve the first equation for x
· Solve the second equation for y
· Since m and n are equal because of congruent triangles, use substitution to replace n with m
· Factor out m to derive the midpoint formula

UDL Connections
 






	SMP # 
	Activity 3
	Materials Needed
· Real World mid-point application problems handout
Implementation 
· Pair students with appropriate partners to answer real world problems
· Hand out to each pair a set of questions
· Have them answer the questions on their own sheet of paper making sure they show all their work for each problem
· Have the students check/preview theirs final answers with the instructor for error analysis and go back and fix any errors
· After all students are done have selected partners present each problems answer to the whole class 


	
	Closure

	Exit Ticket:
Write the mid-point formula and give one example of how it could be used in the world outside of mathematics.




	Supporting Information

	Component
	Details

	Interventions/Enrichments
· Special Education/Struggling Learners
· ELL
· Gifted and Talented

	

	Resources
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Diagram of Completed Activities
Consider a line segment  with end points A(x1 , y1) and B(x2, y2). Let M(x, y) be a point on the line segment  which divides AB in m:n ratio. Let C, D, and E be the feet of perpendiculars of A, B, and M, respectively. Join AC, ME, and BD. Let F be the foot of the perpendicular of A on ME, and G be the foot of the perpendicular of M on BD. 

[image: Midpoint of a Line Segment]

From the figure, it is clear that 


 Moreover, Δ AFM and Δ MGB are similar triangles by the AA Similarity Theorem 
Corresponding parts of similar triangles are proportional, therefore we know that

	(this is what is established by the end of the first activity)
The ratios above can be rewritten by substituting corresponding lengths of the sides into each ratio.

	





Consider the proportion created by pairing the first two ratios in this expression.  Look at the cross products of the newly created proportion. 





Now consider the proportion created by pairing the first and last ratio in the expression. Look at the cross products of the newly created proportion.





By using the addition and subtraction properties of equality and then using the distributive property, each of the expressions shown above can be transformed as shown below.











Since we are trying to find the coordinates of the midpoint and the midpoint in our sketch is represented by a point whose coordinate are labeled as , we need to solve each of the equations above for and respectively. 



 becomes 


becomes  


The coordinates of a point that is on line  that divides the segment into a ratio of can be determined by using the expressions above, thus creating the partitioning formula


P=






 In this example, point M is the midpoint of  so we know that . In each expression shown above we now need to replace the “n’s” with “m’s” or vice versus.  







Thus, the midpoint of  has coordinates whose values can be determined by using the formula






Warm – Up

Find slope from each graph.

1.						    2.
[image: http://www.algebrahelp.com/worksheets/cache/graph_10029_q.png]                [image: http://www.algebrahelp.com/worksheets/cache/graph_606_q.png]


                                                   

                                        
3.
[image: http://www.algebrahelp.com/worksheets/cache/graph_601_q.png]         



Find the slope from each equation.

4.  4x + 5y = -10					5. y = -2


What is the slope of the segment connecting:

6. (5, 3) and (5, 9)					7. (6, 3) and (9, 4)


























Answer Key for Warm-up

1.
	
[image: http://www.algebrahelp.com/worksheets/cache/graph_10029_q.png]

	




2.

	[image: http://www.algebrahelp.com/worksheets/cache/graph_606_q.png]

	






3.
	[image: http://www.algebrahelp.com/worksheets/cache/graph_601_q.png]

	





4.  4x + 5y = -10				5. y = -2
      m = -⅘					     m = 0


6. (5, 3) and (5, 9)				7. (6, 3) and (9, 4)
   
     Undefined					     m = ⅓
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Answer Key for Similar Triangles Matching
1 matches 5 by AA similarity
2 matches 6 by SAS similarity with a scale factor of 7:1
3 matches 4 by SSS similarity with a scale factor of 1:5
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Congruent Triangles
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Midpoint Real World Problems
1) Phil and Jane live in separate cities and one day they decided to meet up for lunch. Because they both wanted to travel as little as possible they decided to meet at a point halfway between their homes. If Phil's position can be given by (2500, 350), and Jane's position by (6480, 75), which of the following coordinates represents the place they should meet?


2) While creating a map Henri used a grid system. Henri determined that a mountain could be given the coordinates (600, 1467) and that his current position could be given by the coordinates (350, 237). If a pond is located exactly halfway between Henri and the mountain, identify the coordinates Henri should use to represent the pond's location?

3) Three friends - Bertha, Howie, and Maria live on the same side of a street. Howie's house is halfway between Bertha's and Maria's houses. If the locations of Bertha's and Maria's houses can be given by the coordinates (4, 9) and (6, 21), identify the coordinates of Howie’s house.


4) While planning the layout of her yard, Rishma created a grid system representing her backyard. On the grid, Rishma placed the center of a herb garden at the coordinates (3, 16) and wants to place a bird bath at the point (7, 31). If Rishma wants to position the center of a flower garden so that the bird bath is halfway between the herb and flower gardens, at what coordinates should the center of the flower garden be placed?

5) While baking some cupcakes for a birthday party Syncere caters for 68 people. The problem is that Syncere has one recipe which states that 6 cups of flour can make enough cupcakes for 36 people and another recipe which states that 14 cups of flour will make enough cupcakes for 100 people. Identify the number of cups of flour Syncere should use to make cupcakes for this party.



Answer Key for Midpoint Real World Problems
1) Meeting place=(4490, 212.5)
2) Pond’s location=(475, 852)
3) Howie’s house=(5, 15)
4) Center of flower garden=(11, 46)
5) [bookmark: _GoBack]Cups of flour=10 cups
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